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ABSTRACT

The spectral density of stable signals with p-adic times is already estimated under various conditions. The
estimate is made by constructing a periodogram that is subsequently smoothed by a spectral window. It is
clear that the convergence rate of this estimator depends on the bandwidth of the spectral window (called
the smoothing parameter). This work gives a method to select the smoothing parameter in an optimal way,
i.e. the estimator converges to the spectral density with the bestrate.

The method is inspired by the cross-validation method, which consists in minimizing the estimate of the
integrated square error.
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1. INTRODUCTION

This work concerns the family of alpha stable random fields, which are known by infinite vari-
ance (infinite energy). These processes are widely used models for many phenomena in several
fields such as physics, biology, electronics and electricity, hydrology, economics, communica-
tions and radar applications... see [1 ]-[12]. The paper [13] studied the estimation of the spectral
density of these processes when they are continuous time, and in [14]-[15] when the process is
discrete time. The article [16] extended this work to stable random fields with p-adic time.More
specifically, the process has the following spectral representation:

X(ty,t5) :f ei<t111+t212>dM(/11;12)}
Qp

(t1,t,) € QIZ) where QIZ, is the field of p-adic numbers and M is a alpha stable random measure

with a control measure m. The paper [16] studied the case where the measure m is continuous
with respect to the Haar measure:

dm(xq, x3) = ®(xq, x5)dH (x1,%x3), (x1,%2) € Qf,. The density function @ is called the spec-

tral density of the process X. The paper [16] constructed a modified periodogram by observing
the process on the ball U,. This periodogram was then smoothed by a spectral window in order to
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have an asymptotically unbiased consistent estimator of the spectral density. It is logical that the
convergence rate of this estimator depends on the bandwidth of the spectral window (smoothing
parameter).

The goal of this work is to propose a method for selecting the optimal smoothing parameter, al-
lowing the best rate of convergence of the estimator. This method uses the technique of cross-
validation, which has proven itself in various fields of statistics.

The choice of p-adic numbers is motivated by a great use in spatial discretization. P-adic humbers
have provided solutions to many questions in physics, including questions related to string theory
(related to the p-adic quantum domain) and those related to hierarchically structured fractal be-
haviors. They were also used in: turbulence theory, dynamical systems, statistical physics, biolo-
gy, see [17]-[21]. The 2-adic number which is a special case used for computer design see [22].
Modeling in quantum mechanics used p-adic statistics [23]-[25] based on probabilistic calcula-
tions when the number of trials is infinitely large. Bernoulli's classical probabilities have been
studied by [26]. The paper [27] focused on the p-adic probability theory of stochastic processes.
The article [28] develops the theory of stochastic integrals with respect to p-adic Brownian mo-
tion. Using the p-adic differentiation operator, papers [29]-[32] developed the properties of the
trajectories of a p-adic Wiener process.

The paper [34] set up the spectral theory and Fourier transforms of stationary p-adic process-
es:X(t)t € Q, where Q, is the field of p-adic numbers. He also proposed a spectral density esti-
mator by constructing a periodogram in the same way as for real-time stationary processes. The
paper [35] gives an estimatorfrom discrete-time observation : X(7y)kez Where (ty)kezinstantsof
observation are taken from Q,,, associated with a Poisson process.

This paper is structured as follows: section 2 gives the asymptotically unbiased and consistent
estimate (smoothing of the periodogram) and the results (propositions 2.1-2.5) presented in [34].
Section 3 shows that the estimator converges in probability towards the spectral density (Proposi-
tion 2.6), gives the cross-validation criterion and Theorems 3.1-3.3 show that this criterion makes
it possible to find the optimal smoothing parameter. Section 4 is reserved to the conclusion, po-
tential applications and open research issues.

2. PERIODOGRAM AND SPECTRAL DENSITY ESTIMATION

Consider a process X = {th’tz/(tl, t;) € QIZ,} where QIZ, is the field of p-adic numbers having the
following integral representation

th.tz fQ ei<t1’11+t2’12>dM(ll,lz) (1)

2
p

V(ty, t;) € QIZ) where M is a symmetric astable SaS random measure with independent and iso-
tropic increments. There exists a control measure m that is defined by: m(A x B) =
[M(A x B), M(A x B)]~*.

Assume that the measure m is absolutely continuous with respect to Haar measure: dm =
®(xq,x,)dH (x4, x,) Where H is Haar measure.

The paper [13] gave an estimator of the density ®, called the spectral density of the process when
the process is continuous real time. In [14]-[15] the estimator is studied when the process and the
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random field are discrete time. The article [16] gives the estimator of the spectral density when
the process is in p-adic time:X = {X,,,,/(t;,t;) € Q3}. For that, he takes the ball U, =

{(x, y) € Qf);;l(x, Nlp < p“} as the observation of the process. He considers the following peri-
odogram: For (11,1,) € Q3

dn(AIJAZ) = AnRe fUn e_i<t111+t212>p_nh(t1pn, tzpn)X(tl, tz)dj‘[((tl, tz)) (2)
H(/11,/12) =f

. h(tll tz)e—i<t111+tzlz>d}[‘(t1' tz)
Z

p

Ba = Jog 17 (A1, 22)|“dH (A, 25) < +o0

1
2n\ ¢
P\~ _ _ _ _
Ho(A1,4;) = <_> H(p™™21,p™"4;) = AH(p™"A4,p7 ")
1

Therefore, A, = (%)E.

B
2n
p _ _
f [Hy (A4, A)1%dH (A4, 45) =f B—lH(p " TP ADNFAH (A4, A5)
Q} Q3 Pa
p2n
ol IO SN O
a Q3

Since [p™|, = p*™, they obtain
ng |Hp (A4, 2)|¥dFH (A4, 42)=1

The following propositions 2.1-2.5 are proved in [16]
Proposition 2.1 Let

Y, (A;,1,) =2 sz |Hy (A — ug, Ay — up) |“®@(uq, up)dH (ug,up). If dis a continuous and
p
boundedfunction, thenB, (W, (4, 1;) — ®(1, 1)) converges to zero as n tends to infinity.

Proposition 2.2 Let (14, 4,) € Q5 the characteristic function of d,,(14, 1,), Eexp{ird, (1,,1,)},
converges to exp{—C,|r|*®(1,,1,)}.

The periodogram is modified as follows:

In(/11'AZ)Cq,aldn(/lerZ)lq; (3)

where0<q<2 and the normalization constant is given by Ciqa) ==

Dq
q/«
" q.aCa
1-cos(u) _ 1—exp(—|ul%)
f T duandF,, = [ e du

where D, =

C, = (an)* jo”\cos(e)\“ do,

[
Propositions 2.3 Let (13, 4,) € Q2 , then EI,, (A4, 1;) = (¥, (11,2,))* and I,(14,2,) is an as-
ymptotically unbiased estimator of the spectral density but not consistent
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2
CGa _ 4

/ 2.
Ely (A4, 22) — (21, 1)) “=0(1) and Varl, (4, A3) — Vi g (@14, 25))°, with V4 = ™

In order to have an asymptotically and consistent estimate, we smooth the periodogram that was
modified using a spectral window.

a1, 22) = ) Wi (A1 —uy, A, — up)ly (ug, up)dH (uy, uy)
Qp

where Wy, (x4, x3) = [Mp |, W(x; My, x,M,,) such that

Mp
M, - ;%%O;anlp%Oandﬁ%oo. (@)
p

The function W is an even nonnegative function vanishing outside [—1,1]2and
fQ% W(V1,U2)d7{(V1;U2) =1

Proposition 2.4 Let (A, 4,) € Q2 and Bias(f, (A1, 12)) = E[f, (A1, A2)] — (@41, 2,))”'", then
Bias(f,(A1,15)) = o(1). Moreover, if & verifies|®(x;,x;) — @(y1,¥,)| < cstel(x; —

yl,xz _yz)lz;k, then, Bias(fn(ll,lz)) = 0 1_k_p .

|Mal, @

Proposition 2.5 Let (4;,4;) be in Q% Assume that q’Eng' Then Var(f,(14,13)) =
O(p™"My>™).

From propositions 2.4 and 2.5, we show in the following proposition that (f, (A;,2;))a converges
to d(A4,2;) in probability.

Proposition 2.6 Let A,, 1, p-adic numbers such that ¢(1,, ;) > 0. Then,(f;,(14,1;))4aconverges
in probability to ¢ (14, 1,).

Proof We show that f,,(1,,4,) converges in mean quadratic to ¢(Al,/12)g. E |fn(/11,/12) —

2
¢(Al,/12)% :Efn(/ll,/lz)—¢(Al,12)c%)2+Var(fn(/11,/12). Then, from proposition 2.3,
2 a
E |fn(ll,lz) — ¢(/11,/12)% converges to zero. Thus,(f;,(14,1))e converges to ¢(A,4;) in
probability.

It is obvious that the choice of M,,plays an important role, since the convergence rates depend on
this smoothing parameter. Articles [35]-[36] use the cross-validation method to optimize the
choice of parameters when the process is real-time. The objective of this work is to give a criteri-
on for the selection of the smoothing parameters used in the estimation of the spectral density .

a
Let’s note by f(x1,x5) = (®(xq,x3))= and h = Mi the width of the two spectral windows. We

are therefore looking for a criterion CV (h) allowing us to select hto minimize the mean integrat-
ed square error (MISE), where

MISE(h) = j j ELf G x3) — f Gy, x)12p Cry, %) dcy docy, ©
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p being a weight function that is assumed to be known and zero outside of [0,2rr] X [0,2m]. Alt-
hough MISE(h) is a suitable measure for the squared error of the estimator, it cannot choose h,
since it itself depends on the unknown function f. We adopt the cross-validation method proposed
in [35]. Indeed, consider the integrated square error (ISE) defined by:

SEM) = | | UnGoa ) = FGea, )P0, 3)dxadx, = 4= 2C +B
2T 2T

whereA = f 12 (xq, x3)p(x1, x5)dx,dx,
o Jo

2T 2T

c= [ [ At mf et x)dndx,
021'[ 021'[

B = fo P et ) des

B being independent of h, the choice h minimizing ISE(h) amounts to choosing the h minimizing
A-2C. It is clear that the term A is computable since we know f_n, whereas, in the term C, con-
tains f unknown. We use the principle of “leave-out- [”.

3. CONSTRUCTION OF THE CROSS-VALIDATION ESTIMATOR

Let j,j' €{0,1,...,n — 1} such that 2% € U, and e U, . The construction of “leave-out- I"
consists of finding an estimator £’ (w;, w;,) that replace f(w;,w;,) in the expression of C and

such that I, (w;, w;,) and f,{'j'(wj,a)j,) are asymptotically independent. Thus, we can estimate C

.4 i’ 2mj 2wy’ _ n-1
by: ﬁ_ZZjEAn Yirea, 77 (wj,wj,)ln(wj, Wj/)p(Wj,Wj/) where w; = S wp ===, = [

n
and A, = {j €{0,1,..,n — 1}such thatz% € Un}

n

2

- -
7 (g, %) = fu,% D7 (uq, up )Wy (% — uq, X, — up)du,du,, where
o
LY (ug,up) = Ly(ug, wp)if (ug,uy) € B; jr
o
LY (u,up) = 61 (ug, up)ln(Wj—1, wyr_1) +
92 (ulluZ)In(Wj+1; Wj’_l) +
93 (ull uZ)In(Wj—l; Wj’+1) +
94(u1:u2)1n(wj+1:wj’+1) otherwise
Y
B; j» = wj_1, W[ X Jwjr_y, wjr [ The construction of 1,7 (uy,u,) where (uy,u,) € 4; ;s is

j
done as if I,, was bi-linear. In this case,

01(ug,uz) = af ; 0, (ug,uz) = (1 —a)B ; 05(uq, uz) = a(l — B) and

0, (uy,uy) = (1 —a)(1 — B) where a = M:“_&and g = el A

j—l_Wj+1 W]~I_1—W]~I+:l

The following proposition shows that fnj 7" is an estimator asymptotically unbiased of the func-
tion f.

Theorem 3.1 For all(x;, x,) € Q5

B[ () ~ FaCea )] = 0(-5).

n2
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From this result, we establish our criterion, noted CV "cross validation™ defined by:
Cv(h) = () + ) f2 (g, uz)p(uy, uz)dus du,

Un
where CVi(h) = fit (wy, uz)p (ug, up)duy du, —
Up?
Z jojr
S D A w1 w5
JjEAn jr€dn

The widths of spectral windows will be chosen at the points 2 minimizing the criterion CV (h):
hy = argmhinCV(h) = argmhinCV1 (h) (6)

To facilitate writing without losing generality, we consider:
1 2 -
p(uq,uy) = 7. on U;; and zero outside.

We will show results similar to those given in [37]. This is to show that on average, the criterion
CV(h ) and ISE(h) are asymptotically close and that the variance of CV/(h) is asymptotically ze-
ro. Thus, the parameters h” minimizing the criterion CV(h) also minimize the integral squared
error (ISE) when n is large enough. These results are stated in the following theorem.

Theorem 3.2 We have
1
\E{CV (h) — ISE(W)}| = O (ﬁ)

var{CV(h)} = 0 (nz hz)
Thus, since

E([CV (h) — MISE(W)]?} =
var{CV(h)} + [E{CV () — MISE()}]Z = 0O (

nzhz)'

The widths of the spectral windows h, and h, obtained by cross validation, defined in (6), are

asymptotically optimal, i.e. the integrated square error at h converges in probability to the small
integrated square error.

Theorem 3.3The width of the spectral windows h obtained by cross validation are asymptotically
optimal:
ISE(h)
ISE(R)

~

h = argmhinCV(h) and (fl) = argmhinISE(h).

—1 in probability, where

To show this result, we use the similar technique used in [38].

4. CONCLUSION

The method proposed in this work consists in giving the smoothing parameter optimizing the
estimate of the spectral density for an alpha-stable process in p-adic time. To achieve this, we
used the cross-validation technique, which is well suited to this kind of situation. This work can

6
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be used in various fields of application to model phenomena whose variance is large enough such
as:

- Drones take Dynamic Images. These images are often disturbed by climatic conditions. They
can have a large variance and be modeled by a alpha stable random field.

- The presence of certain microorganisms in agricultural soil varies significantly can be consid-
ered as an alphastable random field.

This work will be extended to a more general case where the measure is mixed.

ACKNOWLEDGEMENTS

I would like to thank the referees for their interest in this paper and their valuable comments and
suggestions. | also thank Taouakoul Brahim for proof reading.

REFERENCES

[1] C. Gogineni, S. P. Talebi, S. Werner and D. P. Mandic, (2020), "Fractional-Order Correntropy
Adaptive Filters for Distributed Processing of a-Stable Signals,” in IEEE Signal Processing Letters,
vol. 27, pp. 1884-1888.

[2] X Yan, G. Liu, H. -C. Wu, G. Zhang, Q. Wang and Y. Wu, (2020), "Robust Modulation Classifi-
cation Over a-Stable Noise Using Graph-Based Fractional Lower-Order Cyclic Spectrum Analysis,"
in IEEE Transactions on Vehicular Technology, vol. 69, no. 3, pp. 2836-2849, 2020.

[3] C.L. Nikias and M. Shao, (1995) “Signal Processing with Alpha-Stable Distributions and Applica-
tions”, Wiley, New York.

[4] N. Azzaoui, L. Clavier, R. Sabre, (2002), “Path delay model based on stable distribution for the
60GHz indoor channel”, IEEE GLOBECOM, IEEE, pp. 441-467.

[5] J.P. Monillet and Yu. Kegen, (2015), “Modeling Geodetic Processes with Levy alpha-Stable Distri-
bution and FARIMA”, Mathematical Geosciences. 47, no. 6, pp627-646.

[6] 1. Wahyuni, R. Sabre, (2019), “Multifocous Image Fusion Using Laplacian Pyramid Technique
Based on Alpha Stable Filter” CRPASE, Vol. 05(02), 58-62.

[71 M. Pereyra and H. Batalia, (2012), “Modeling Ultrasound Echoes in Skin Tissues Using Symmetric
alpha-Stable Processes”, IEEE Transactions on Ultrasonics, Ferroelectrics, and Fr 60 equen-cy Con-
trol, 59, no. 1, pp. 60-72.

[8] Wu. Ligang and W. Zidong, 2015), “ Filtering and Control for Classes of Two-Dimensional Sys-
tems”, The series Studies in Systems of, Decision and Control, 18 pp. 1-29.

[91 R. Sabre, (2020), “Wavelet Decomposition and Alpha Stable Fusion”, Signal Image Processing:
An International Journal (SIP1J), Vol.11, No.1, pp. 11-24.

[10] X. Zhong and A.B. Premkumar, (2012), “Particle filtering for acoustic source tracking in impulsive
noise with alpha-stable process”, IEEE Sensors Journal, 13, no. 2, pp. 589 — 600.

[11] K. Panki, K. Takumagai and W. Jiang, “Laws of the iterated logarithm for symmetric jump process-
es”, Bernoulli, 23, no. 4A, pp. 2330-2379, 2017.

[12] Ga. Mang, Gang Yu, and Tao Wang,(2019), "Impulsive gear fault diagnosis using adaptive Morlet
wavelet filter based on alpha-stable distribution and kurtogram." IEEE Access 7, 72283-72296.

[13] E. Masry, S. Cambanis, (1984), " Spectral density estimation for stationary stable processes", Sto-
chastic processes and their applications, Vol. 18, pp.1-31,.

[14] R. Sabre, (1994), "Estimation de la densité de la mesure spectrale mixte pour un processus symé-
trique stable strictement stationaire”, C. R. Acad. Sci. Paris, t. 319, Série I, pp.1307-1310.

[15] R. Sabre, (1995), "Spectral density estimation for stationary stable random fields ", Applicationes
Mathematicae., Vol. 23, N. 2, pp. 107-133.

[16] R. Sabre, (2019), " Mixed Spectra Estimation for Stable P-adic Random Fields", International Jour-
nal of Signal Processing Systems Vol. 7, No. 2.

[17] S.V. kozyrev, (2008) "Toward an ultrametric theory of turbulence”, Theoretical and Mathematical
Physics, Vol. 157, N. 3, pp. 1713-1722.



[18]

[19]
[20]

[21]

[22]

[23]

[24]

[25]
[26]
[27]

[28]
[29]

[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]

[38]

Signal & Image Processing: An International Journal (SIP1J) Vol.14, No.2/3, June 2023

Li. Hua-Chieh, (2001)"On heights of p-adic dynamical systems", Proceeding of the american math-
ematical society, Vol.130, N. 2, pp. 379-386.

F. Avila, (2020), "The frame of the p-adic numbers", Topology and its Applications,Vol. 273.

B. Dragovich, A.Yu. Dragovich, "A p -adic model of DNA sequence and genetic code", Mathemat-
ics and Statistics, Vol. 1, N. 1, pp. 34-41, 2009.

O. Shor, A. Glik, A. Yaniv-Rosenfeld, A. Valevski, A. Weizman, A. Khrennikov , F.Benninger, V.
Ignatov, (2021)"EEG p-adic quantum potential accurately identifies depression, schizophrenia and
cognitive decline”, Plos one, p-Adic morphology, biomorphic structures and number theo-
ry,Biosystems, Vol. 205.

A. Klapper, M. Goresky, (1994) "2-Adic shift registers”, Lecture Notes in Computer Science, 809,
pp. 174-178, 1994,

R. Cianci, A. Khrennikov, " Can p-adic humbers be useful to regularize divergent expecta-tion val-
ues of quantum observables"”, International Journal of Theoretical Physics, Vol. 33, N. 6, pp. 1217-
1228, 1994.

D. Badziahin, Y. Bugeaud, J. Schleischitz, "On simultaneous rational approximation to a p-adic
number and its integral powers", 1. Proceedings of the Edinburgh Mathematical Socie-ty, Vol. 64,
N. 2, pp. 317-337, 2021.

M.L.Lapidus, L. Hung, M.van Frankenhuijsen, "p-Adic Fractal Strings of Arbitrary Ration-al Di-
mensions and Cantor Strings", P-Adic Num Ultrametr Anal Appl, Vol. 13,pp. 215-230, 2021.

A. Khrennikov, "p-Adicbehaviour of Bernoulliprobabilities", Statistics and Probability Let-ters, 37,
N. 4, pp. 375-379, 1998.

A. Khrennikov, "p-Adic probability theory and its applications. The principle of statistical, stabiliza-
tion of frequencies”, Theoretical and Mathematical Physics, Vol. 97, N.3, pp. 1340-1348, 1993.

K. Kamizono, "Symmetric stochastic integrals with respect to p-adic Brownian motion™ (2007)

V. S. Vladimirov, 1. V. Volovich, and E. I. Zelenov, "p- Adic Analysis and Mathematical Physics",
Fizmatlit, Moscow, 1994 [in Russian].

W.A. Zufiiga-Galindo, "Reaction-diffusion equations on complex networks and Turing pat-terns,
via p-adic analysis", J. Math. Anal. Appl.Vol. 491, 2020.

D.Haldar, D. Singh,“p-Adic Multiwavelet Sets,” P-Adic Num Ultrametr Anal Appl, vol. 11, pp.
192-204, 2019.

L.Y. Hung, W. Li, Melby-Thompson, C.M. Wilson "line networks in p-adic AdS/CFT.", J. High
Energ. Phys. 2019

D.R. Brillinger, "Some asymptotics of finite Fourier transforms of a stationary p-adic pro-
cess",‘Journal of Combinatorics, Information and Systems, 16, pp. 155-169, 1991.

M. Rachdi, V. Monsan, "Asymptoic properties of p-adic spectral estimates of second order”, J. of
combinatoirics Information and System Sciences, Vol. 24, N. 2, pp. 113-142, 1999,

A.W. Bowman, "An alternative method of cross-validation for smoothing of density estimates",
Biometrika, Vol. 71, 253-360, 1984.

C.M. Hurvich. , K.L. Beltrao, "Cross-validatory choice of a spectrum estimate and its connection
with aic", J. Time Series. Analy, Vol. 11,pp. 121-137, 1990.

G. Gregoire, "Least squares cross-validation for counting process intensities”, Scand. J. Sta-tis., Vol.
20, pp.343-360, 1993.

J. Hart, P. Vieu, "Data-driven bandwidth choice for density estimation based on dependent data",
Ann. Stat., Vol. 18, pp. 873-890, 1990.



Signal & Image Processing: An International Journal (SIP1J) Vol.14, No.2/3, June 2023
AUTHORS

Rachid Sabre received the PhD degree in statistics from the University of Rouen, Rouen, France, in 1993
and Habilitation (HdR) from the University of Burgundy, Dijon, France, in 2003. He joined Agrosup Di-
jon, Dijon, France, in 1995, where he is an Associate Professor. From 1998 through 2010, he served as a
member of Institut de Mathématiques de Bourgogne, France. He was a member of the Scientific Council
AgroSup Dijon from 2009 to 2013. Since 2012, he has been a member of Laboratoire Electronique, In-
formatique, et Image (Le2i), France. He is author/co-author of numerous papers in scientific and technical
journals and conference proceedings. His research interests lie in areas of statistical process and spectral
analysis for signal and image processing.

Walid Horrigue received the PhD degree in statistics from the University of Lille, France, in 2012. He
joined UMR “Agroécologie Equipe Biocom” INRA (National Institute for Agricultural Research) Dijon,
France, in 2013, as a researcher where he develops research on modeling the microbiological organism in
agricultural soil. He is author/co-author of some papers in scientific and technical journals and conference
proceedings. His research interests lie in areas of nonparametric statistic “functional estimate with censored
data”



	Abstract
	The spectral density of stable signals with p-adic times is already estimated under various conditions. The estimate is made by constructing a periodogram that is subsequently smoothed by a spectral window. It is clear that the convergence rate of thi...
	The method is inspired by the cross-validation method, which consists in minimizing the estimate of the integrated square error.
	Keywords
	Spectral density, p-adic processes, alpha stable, random field.
	Consider a process X=,,X-,t-1.,,𝑡-2../(,𝑡-1.,,𝑡-2.)∈,Q-p-2.. where ,Q-p-2. is the field of p-adic numbers having the following integral representation
	,X-,t-1.,,𝑡-2..,,Q-p-2.-.,e-i<,𝑡-1.,𝜆-1.+,𝑡-2.,𝜆-2.>.d𝑀,,𝜆-1.,,𝜆-2..                                                                           (1)
	∀(,𝑡-1.,,𝑡-2.)∈,Q-p-2. where M is a symmetric 𝛼stable S𝛼S random measure with independent and isotropic increments. There exists a control measure m that is defined by:  m,A×𝐵.=,,M,A×𝐵.,𝑀,A×𝐵..-𝛼-1/𝛼..
	Assume that the measure m is absolutely continuous with respect to Haar measure: d𝑚=Φ,,x-1.,,𝑥-2..dℍ,,x-1.,,𝑥-2.. where ℍ is Haar measure.
	The paper [13] gave an estimator of the density Φ, called the spectral density of the process when the process is continuous real time. In [14]-[15] the estimator is studied when the process and the random field are discrete time. The article [16] giv...
	,𝑑-n.,,𝜆-1.,,𝜆-2..=,𝐴-n.R𝑒,,U-n.-.,e-−i<,𝑡-1.,𝜆-1.+,𝑡-2.,𝜆-2.>.,𝑝-−n.h,,t-1.,𝑝-n.,,𝑡-2.,𝑝-𝑛..X,,t-1.,,𝑡-2..dℋ,(,𝑡-1.,,𝑡-2.).  (2)
	H,,𝜆-1.,,𝜆-2..=,,Z-p-2.-.h,,t-1.,,𝑡-2..,e-−i<,𝑡-1.,𝜆-1.+,𝑡-2.,𝜆-2.>.dℋ,,t-1.,,𝑡-2..
	,𝐵-𝛼.=,,Q-p-2.-.,,ℋ,,𝜆-1.,,𝜆-2...-𝛼.dℋ,,𝜆-1.,,𝜆-2..<+∞
	,H-n.,,𝜆-1.,,𝜆-2..=,,,,p-2𝑛.-,B-𝛼...-,1-𝛼..H,,p-−n.,𝜆-1.,,p-−n.,𝜆-2..  =,𝐴-n.H,,p-−n.,𝜆-1.,,p-−n.,𝜆-2..
	Therefore, ,A-n.=,,,,p-2𝑛.-,B-𝛼...-,1-𝛼...
	,,Q-p-2.-.,,,H-n.,,𝜆-1.,,𝜆-2...-𝛼.dℋ,,𝜆-1.,,𝜆-2..=,,Q-p-2.-.,,p-2𝑛.-,B-𝛼..,,H,,p-−n.,𝜆-1.,p-−n.,𝜆-2...-𝛼.dℋ,,𝜆-1.,,𝜆-2..=,,p-2𝑛.-,B-𝛼..,p-−2𝑛.,,Q-p-2.-.,,H,,v-1.,,𝑣-2...-𝛼.dℋ,,v-1.,,𝑣-2..
	Since ,,,p-−n..-p.=,𝑝-+𝑛., they obtain
	,,Q-p-2.-.,,,H-n.,,𝜆-1.,,𝜆-2...-𝛼.dℋ,,𝜆-1.,,𝜆-2..=1
	The following propositions 2.1-2.5 are proved in [16]
	Proposition 2.1 Let
	,Ψ-𝑛.,,𝜆-1.,,𝜆-2..,=-Δ.,,𝑄-𝑝-2.-.,,,𝐻-𝑛.,,𝜆-1.−,𝑢-1.,,𝜆-2.−,𝑢-2...-𝛼.Φ,,𝑢-1.,,𝑢-2..𝑑ℋ(,𝑢-1.,,𝑢-2.). If Φis a continuous and boundedfunction, then,𝐵-𝛼.,,Ψ-𝑛.,,𝜆-1.,,𝜆-2..−Φ,,𝜆-1.,,𝜆-2... converges to zero as n tends to infinity.
	Proposition 2.2 Let (,𝜆-1.,,𝜆-2.)∈,𝑄-𝑝-2. the characteristic function of ,𝑑-𝑛.,,𝜆-1.,,𝜆-2..,𝐸𝑒𝑥𝑝,𝑖𝑟,𝑑-𝑛.,,𝜆-1.,,𝜆-2..., converges to 𝑒𝑥𝑝,−,𝐶-𝛼.,,𝑟.-𝛼.Φ,,𝜆-1.,,𝜆-2....
	The periodogram is modified as follows:
	,𝐼-n.,,𝜆-1.,,𝜆-2..,𝐶-q,𝛼.,,,d-n.,,𝜆-1.,,𝜆-2...-q.,                                                                                       ,3.
	𝑤ℎ𝑒𝑟𝑒0<q<2  and the normalization constant is given by  ,𝐶-(𝑞,𝛼).=,,𝐷-𝑞.-,𝐹-𝑞,𝛼.,𝐶-𝛼-𝑞/𝛼.. where ,𝐷-𝑞.=,.,1−𝑐𝑜𝑠(𝑢)-|𝑢,|-1+𝑞..𝑑𝑢 and ,𝐹-𝑞,𝛼.=,.,1−exp,⁡(−|𝑢|-𝛼.)-|𝑢,|-1+𝑞..𝑑𝑢
	Propositions 2.3 Let ,,𝜆-1.,,𝜆-2..∈,𝑄-𝑝-2. , then 𝐸,𝐼-𝑛.,,𝜆-1.,,𝜆-2..=,,,𝛹-𝑛.,,𝜆-1.,,𝜆-2...-,𝑞-𝛼.. and ,𝐼-𝑛.,,𝜆-1.,,𝜆-2.. is an asymptotically unbiased estimator of the spectral density but not consistent
	𝐸,𝐼-𝑛.,,𝜆-1.,,𝜆-2..−,,𝛷,,𝜆-1.,,𝜆-2...-𝑞/𝛼.=o(1) and 𝑉𝑎𝑟,𝐼-𝑛.,,𝜆-1.,,𝜆-2..−,𝑉-𝛼,𝑞.,,𝛷,,𝜆-1.,,𝜆-2...-2., with ,𝑉-𝛼,𝑞.=,,𝐶-𝑞,𝛼-2.-,𝐶-2𝑞,𝛼..−1.
	In order to have an asymptotically and consistent estimate, we smooth the periodogram that was modified using a spectral window.
	,𝑓-𝑛.,,𝜆-1.,,𝜆-2..=,,Q-p-2.-.,W-n.,,𝜆-1.−,u-1.,,𝜆-2.−,𝑢-2..,I-n.,,u-1.,,𝑢-2..dℋ,,u-1.,,𝑢-2..
	where ,W-n.,,x-1.,,𝑥-2..=,,,M-n..-p.W,,x-1.,𝑀-n.,,𝑥-2.,𝑀-𝑛.. such that
	,M-n.→∞  ;,,M-n.-n.→0;|,𝑀-n.,|-p.→0𝑎𝑛𝑑,|,𝑀-n.,|-p.-|,𝑝-n.,|-p..→∞.        (4)
	The function W is an even nonnegative function vanishing outside ,,−1,1.-2.and ,,Q-p-2.-.W,,v-1.,,𝑣-2..dℋ,,v-1.;,𝑣-2..=1.
	Proposition 2.4 Let (,𝜆-1.,,𝜆-2.)∈,𝑄-𝑝-2. and 𝐵𝑖𝑎𝑠,,𝑓-𝑛.,,𝜆-1.,,𝜆-2...=𝐸,,𝑓-𝑛.,,𝜆-1.,,𝜆-2...−,,Φ,,𝜆-1.,,𝜆-2...-𝑝/𝛼., then  𝐵𝑖𝑎𝑠,,𝑓-𝑛.,,𝜆-1.,,𝜆-2...=𝑜,1.. Moreover, if Φ verifies,Φ,,𝑥-1.,,𝑥-2..−Φ,,𝑦-1.,,𝑦-2...≤𝑐𝑠𝑡𝑒...
	Proposition 2.5 Let (,𝜆-1.,,𝜆-2.) be in ,𝑄-𝑝-2.. Assume that 𝛷∈,𝐿-,𝑄-𝑝-2.-1.. Then 𝑉𝑎𝑟,,𝑓-𝑛.,,𝜆-1.,,𝜆-2...=𝑂,,𝑝-−𝑛.,𝑀-𝑛-−3𝑛...
	From propositions 2.4 and 2.5, we show in the following proposition that ,,,f-n.(,λ-1.,,λ-2.).-,α-q.. converges to ϕ(,λ-1.,,λ-2.) in probability.
	Proposition 2.6 Let ,𝜆-1.,,𝜆-2. p-adic numbers such that 𝜙(,𝜆-1.,,𝜆-2.)>0. Then,,,,𝑓-𝑛.(,𝜆-1.,,𝜆-2.).-,𝛼-𝑞..converges in probability to 𝜙(,𝜆-1.,,𝜆-2.).
	Proof We show that ,𝑓-𝑛.(,𝜆-1.,,𝜆-2.) converges in mean quadratic to 𝜙(,𝜆-1.,,𝜆-2.,)-,𝑞-𝛼... 𝐸,,,𝑓-𝑛.(,𝜆-1.,,𝜆-2.)−𝜙(,𝜆-1.,,𝜆-2.,)-,𝑞-𝛼...-2.=𝐸,𝑓-𝑛.(,𝜆-1.,,𝜆-2.)−𝜙(,𝜆-1.,,𝜆-2.,)-,𝑞-𝛼..,)-2.+𝑉𝑎𝑟(,𝑓-𝑛.(,𝜆-1.,,𝜆-2.). ...
	It is obvious that the choice of ,𝑀-𝑛.plays an important role, since the convergence rates depend on this smoothing parameter. Articles [35]-[36] use the cross-validation method to optimize the choice of parameters when the process is real-time. The...
	𝑀𝐼𝑆𝐸,ℎ.=,.,.𝐸,,,𝑓-𝑛.,,𝑥-1.,,𝑥-2..−𝑓,,𝑥-1.,,𝑥-2...-2.𝜌,,𝑥-1.,,𝑥-2..𝑑,𝑥-1.𝑑,𝑥-2.,                   (5)
	𝜌 being a weight function that is assumed to be known and zero outside of [0,2𝜋]×[0,2𝜋].  Although MISE(h) is a suitable measure for the squared error of the estimator, it cannot choose h, since it itself depends on the unknown function f. We adopt...
	,𝐼𝑆𝐸(ℎ)=,.,.,,,𝑓-𝑛.(,𝑥-1.,,𝑥-2.)−𝑓(,𝑥-1.,,𝑥-2.).-2.𝜌(,𝑥-1.,,𝑥-2.)𝑑,𝑥-1.𝑑,𝑥-2.=𝐴−2𝐶+𝐵-wℎ𝑒𝑟𝑒𝐴=,0-2𝜋-.,0-2𝜋-.,𝑓-𝑛-2.(,𝑥-1.,,𝑥-2.)𝜌(,𝑥-1.,,𝑥-2.)𝑑,𝑥-1.𝑑,𝑥-2.-𝐶=,0-2𝜋-.,0-2𝜋-.,𝑓-𝑛.(,𝑥-1.,,𝑥-2.)𝑓(,𝑥-1.,,𝑥-...
	B being independent of h, the choice h minimizing ISE(h) amounts to choosing the h minimizing A-2C. It is clear that the term A is computable since we know f_n, whereas, in the term C, contains f unknown. We use  the principle of “leave-out- 𝐼”.


