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ALPHA STABLE RANDOM FIELDS
AND ADDITIVE ERROR

Rachid Sabre

Laboratory Biogéosciences CNRS,
University of Burgundy/Agrosup Dijon, France

ABSTRACT

This work studies the estimation of spectral density for random field (two-dimensional signal)
when the spectral measure have certain mixture and the process is observed with a constant
error. The objective of this paper is to give an estimator of the constant error by using the
Jackson polynomial kernel. We show that the rate of convergence depends of size of sample and
the behaviours of the spectral density at origin. Indeed the estimator converges rapidly when the
spectral density is null at origin. Few long memory signals are taken here as example.
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1. INTRODUCTION

This work considers the class of symmetric alpha stable signals which are known as signals
having infinite energy. These signals have been developed in recent decades by several authors,
including [1]-[13], to name a few.

The Gaussian density distribution remains a particular cases of alpha-stable distribution (o =2).

Alpha stable distribution is a better model for signals that are impulsive in nature. It is adapted
for signals that their variance is large and the Gaussian can not usedfor modelling this process.
Signals in this class contain high-pitched bursts or occasional spikes.

Symmetric alpha stable signals are used for modeling many phenomenons in several fields: :
physics, biology, electronic and electrical engineering, hydrology, economies, communications
and radar applications and signal image processing,...see [14]-[25].

In this work, we consider a symmetric « stable random field Z = {Z,, ,,): (n;,n;) € Z?} having
the following integral representation:

Zourn = || expliouis + ma)ldg(a,, 1)

where 1 <a <2 and ¢ is a complex valued symmetric a-stable random measure on R? with
independent and isotropic increments. The measure defined by m(AxB) = |£(AxB)|% (see [4]) is
called "control" measure or spectral measure. The case where this measure is absolutely
continuous with respect to Lebegue measure: dm(xy,x,) = ¢(xy, x,)dx,dx, is considered in [4],
[26], [27]. And the function ¢called the spectral density of $Z$ was already estimated by [4],
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when the time of the process is continuous, by [26] when the time of the process is discrete and
by [27] when the time of the process is p-adic.

This paper considersa case, often encountred in pratice namely when we observe this random
field withan unknown constant error:X, .., = a(ny,ny) + Zg,, »,)Thus, the signal observed is
X, npinstead of the signal Z, ,,,alone.We also consider a more general case: when the spectral
measure is the sum of an absolutely continuous measure with respect to Lebesgue measure, a
discrete measure and a finite umber of ebsolutely continous measure on several lines:

q q
dm = ¢(xq,x;)dx,dx, + Z Ci6(w(1‘i),w(2‘i)) + Z (pka(ul, axuq+by)
i=1 i=1

where § is a Dirac measure, ¢ and ¢,are non-negative integrable and bounded functions. ¢; is
unknown positive real number and w, ;,w(,, ax and biare unknown real numbers. Assume that
Wiy =0 and we,y #0 . The estimation of the constant error when the process have one
dimension is given in [28]. This mixed measure is encountered when, for example, the resistance
of the soil is measured on agricultural land which has a continuous random measurement and
when pebbles are randomly encountered the measurement reaches jumps which represents the
discrete measure.When the measures are made in places where the passage of tractors is frequent.
The rate of convergence will be studied particularly for spectral densities which are zero at the
it — cin2ka (M) qia2ka (A2 —

origin as(Ay, 2,) = sin®* () sin?** (22) g (4;, 2,) and $ (41, 4;) = 212, g(A1, 2,). We show that
the convergence speed is much faster depending on the value of the parameter of g.

This paper is organized as follows: The second section gives some proprties of Jackson
polynomial kernel and an estimator of the constant a. We show that the estimator converges to
ain probability and converges in L,(p < a). Since, we assume that the spectral density of Z is
vanishing at origin,we show that theestimator converges more rapidly to a in accordance with the
values of p. The third sectionconsists in illustrating the results found through a numerical
data.The last section, contains the concluding remarks, the potential applications and the open
research problems.

2. ESTIMATION OF THE CONSTANT

This paper considers a (SaS) process where its spectral representation is :

s s
Z(n1,n2) = f f ei(n111+n212)d6(/11’ AZ);
-n/-1

where £ is a isotropic symmetric a-stable with independent increments. The measure defined by:
m(]sy, t1]]s2, t2]) = |€(51,t1,) — (s, t5) |4 is Lebesgue-Stiel measure called the spectral
measure (see [1], [4]) When m is absolutely continuous du = ¢ (x4, x;)dx;dx,, the function ¢ is
called the spectral density of the process Z.

Let Z(u1.n2y Observations of the process Z: (Z(n, n,)) With 0 <ny <Ny —land 0 <n, < N, —
1, where Ny, N, satisfy: N; —1 = 2k(n; —1) and N, — 1 = 2k(n, — 1) withny,n, EN k€
N U {3}if k = thenn, = 2n'; — 1, 'y € N and n, = 2n', — 1,0, € N.

The Jackson polynomial kernel is defined in [29], [11] and [26], as follows:
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a
|Hy (A4, 22)1% = |A(N1,N2)H(N1’N2)(/11./12)|

2k 2k
sin("121) sin(%222)
where HVuN2) (1) 1,) = —= 2 2
(41, 22) Qinymy \ sin(d) sin(2)
. 2k 1o 2k
. 1\? m (m (sin( 1211) sin(nz2 %
Withqi,n, n, = (g) J2, f_n< snCh snc2) dA,dA,

-1
In addition, we have Ay, v,) = (Baw,v,) @ With By, v, = [ 7 [HNND (4, 4,)|“dA, d 2.
The estimator:

In this paper, we constructthe following estimate of the error a:

~ _ A(N{N2) wk((ng-1) k((ny—-1) ’ 7
a= mzn’=—1k(n1—1) Zn,,=2_k(n2_1) X(n'+k(ny — 1,n" + k(n, — 1)).(2)
We start by showing that the estimator @converges to a in probability and converges in L, (p <
a). Then we show that theses convergences are faster for signals whose spectral density vanishes
at the origin. This means that the etimator is slowed down by the disturbance of the energy at the
origin.To lighten the formulas and make the paper easy to read, we delete in the rest of this paper

the last term of the expression of the spectral measure.Thus, henceforth the considered spectral
measure becomes:

dm = ¢(xq,x,)dx,dx, + Ci6(w(1,i)'w(2,i))

q
o

i

Citing nowtwo lemmas given propertiesof Jackson polynomial kernel that we will use later. Their
proofs are given [26], [29].

Lemmal

The functionH W1N2) (1, 1,) can be written as follows:

k(n,—1) k(ny-1)

m m
HWuN2) (3, 2,) = Z Z hy (—1) cos(mqA ) hy (n_z) cos(myAy),

_ _ ny 2
my=—k(n;—-1) my=—k(n,—1)

where hy, is a even positive function.
Lemma 2.

Let

nlﬂ.l . nzlz Zka

T rT|Sin 5 sin—=—

! —

B an, N, —f f 3 dAdA,
-1

. A .
- | sin= sin=2
2 2

and
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s s

IN Ny = f f | (uq, u) Y |Hyy v, (A1, 42)1%d A1 d 2y,
- YT

where y €]0,2]. Then we have the following inqualities,

2 2kay 2
> <27r <;) ) nika-ipZka=1 if 0 < g <2

B,a,NpNZ | Ak 2 1
ko _ _ .
\S (—Zka — 1) nika-lplka=1 ¢ o <@<2
and
(e 21 11 y+l
]Nl,Nz,a = ZZka(}/ _ Zka) n%ka—l n%ka—1 f 2k a 2k’
- 2kamy*2ka S oy +1 a<?
]N1.N2,0£ = \ 22ka +1DRka—y—-1)) (nqny)Y if 2k @
Theorem 1

Let p a real number such that 0 < p < a. We have

R 1
|a—alP = 0( B)
(nyny)e

Proof Using the spectral representation of the process, we obtain

k((n1—1) k((nz—1)

a= D) N D m("—',"—) f f_zexp[i([n'+k(n1—1ml)]

H(Nl'NZ)(O'O) n'=—k(n,;-1) n''=—k(n,-1) M M2
exp[i([n” + k(ny — D]12)]1d§(A1,2,) + a
From [1], we can writte the characteristic function of (@ — a):
Eexp[iRer(a — a)] =

d§ (A1, 42)

k((n1-1) k((nz-1)

! n
A(NLNZ) Z Z hy, <Tl_ Tl_) el giniidy
H(NLNZ) 0,0) n n ny

1=—k(n,—1) nrr=—k(ny;-1)

T
exp = Colrle
-

where r = r; + iry. It is easy to show that:

EexpliRer(d — a)] = eXp(_Ca|r|a1/J(N1,N2))' where Yy, n,) = Yy n,1 T Pngn,,2 With

™ | Howy ey G, 45)|
¢N1,Nz,1 :_[ _[ =2 a (A1, 42)dAdA, and
Y- |H(N1rN2)(O’O)|
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q

[04
1,0 _ Z c |H(N1,N2)(Wi,1' Wi,2)|
NNy 2 = i —
i=1 |H(N1'N2)(0’O)|

The function ¢ being bounded on [—m, ]? and |How, v, (- )% being a kernel, it can be shown
that S ™ |How, vy (A1, A2)] " 9 (A1, 1,)d A1 dA, is converging to ¢(0,0). On the other hand,
from lemma 2, we have:

1 _ Blgny N, _ 0( 1 ) @)
[Hny Ny (0,0)|¢ — nZkanZka nin,

Therefore Yy, v, 1 CONverges to 0.

!
1 B a,Nq,N;
. 112ka ,2ka ., 2ka’
] sin [Wl,z] ni**nj
2 2

leNZ—E
. 4 BaN1N2

sin [

1
Therefore Yy, n, 2 = 0 (W) Thus

1
l/)(NerZ) = 0( )

nn;

Consequently, the characteristic function of @ —a converges to 1 when N; and N, tend to
infinity. We deduce thatd@ convergences to ain probability.

In order to study the convergence in L,, where 0 < p < a, we put

chosB
= iRef f |1+p ———drd6.

Assuming now r = &r’, =1 —1,

+To 1— Lerlcos(r/—ro)
» = Re f f edr't’
1+p |- |1+
N L i L

—+T0 1-— lfRe(tx)l +To 1-— LERe(tx)
D, |x|P = ERef f - d|t|do’ — ERef j  _d|t|de.

| 1+p —+T0 | 1+p

Let us substitute x by @ — a, we have

470 1 — o= Caltl vy Ny T (®1— e Caltl®¥n
DEa—ap—f f dtd9’=—.[ —dt.
4=l PN TR ) BT
0

Let u = t[Yw, n,)]'* and using (2), we obtain

2 ~ % 1
;Cp,aEla - alp = (1/J(N1,N2)) =0 (nf/anf/a). (3)
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P
where C, 4 = RyF; 4 (Cp)

1—e~u®
du and Fp,a = f T_pdu.
lul «

1—cos(u)
|u|1+p

with R, = [

Improvement of the rate of convergence

We take the case where the spectral density vanishes at the origin. The following theorems will
show that the speed of convergence is better.

Theorem 2
Assume that the spectral density is satisfying:
Py, 22) = |4 |B |22 |Bg(/1:1 A2)

where B €]0,2ka — 1[, 14,4, € [-m, 7] and g(A;,4;,) is a bounded function on [—m,7]?,
continuous in neighborhood of (0,0) and g(0,0) = 0. Then

(,B+1

28kP], <  Lim _(uny) @ Ela-alf < n8kPp,
1 Z

where L is the following constant:

2p
2ka a
|sm |
L= ZC g(O 0) f de
Proof:
From (2), the function ¥y, n,) can be written as:
nllzk’a A 2ka
ke 7 |sin 5 8
1/)(N1 Ny) = = (nyny)”~ A [2142]F g(A1,A2)d A, d A,
Sll’l— sm;
nqw; NoWw; 2ka
sin[ L l'l] sin[—2 1,2]
+ —2ka WZ' WZ-
()™ B &[] ]
Using the following inequality:
Isinx2| =xr 0<x<m, (4)
we maximize ¥y, v,y as follows:
2ka 2ka
sin 11 |sinn;12

by, = (”4ka) (nynz)” Zkaf f Mllzm B A, |2ka-F 91, Az)dA1dA,
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2ka
e Tia P
Putting n;4; = u; and n,A, = u,, we have
2ka 2ka
P <( 4ka)2( )—1—ﬁfoo |sin%| |Sin%| (u1 uz)d d
<(m nn —,— | du,du
(N1,N3) 17%2 o |u1|2ka—,8 |u2|2ka—,8 g ' n, 1752
2ka+1+p8 Zka
(nyny)~ q . i 1
M D ] PR e L
FromLemma 2, andthe theorem of Lebesgue’s dominated convergence we obtain that:
+o00 pay 2
a
tim (g Py ) s:<n4kp<g(a0>j' |ﬂnu2Pk“h42k“—ﬁdu) )-
1,Ny—c0 —»
Thus ¥y, v,y converges to zero.Using the following inequality
Isinx| < |x| Vxe€[-m ], (5)
we obtain:
2k 2k
nom |sinnl;1 ¢ |sin n1;12 ¢
Y, N, 2 zska(nlnz)_sz f 2ka— B 2ka—B 9g(Ay,13)dA1d A,
—nd-n Ml | 421 .
a

L [MAWi1] . [M2Wi2
sin[=5] sin[=5+]
2 2

W Wi
. i1 : [ 121]
— Sin
Sln[ 2 ] 2

+(nyny) ~2ke 2?:1 C

2ka 2ka
o g1 T T |sin%| |sin%|
> p8ka —B-
l/)(NpNz) =2 (niny) f_n f_n |u1|2k,a—ﬁ |u1|2ka—ﬁ 9

U, u
(—1,—2) du;du, + R, |,

ny np

2ka

. [M1w; . [M2W;
sin[ =2 sin[~52]

Wi Wi

: 1,1 : 1,2

sm[—'] sm[—']
2 2

Since R,, converges to zero, the equality (5) gives

_ (nlnz)—Zkaf+B+1 q
where R, = T goka  &i=1 C;

p(B+1) 2p/a

lim (nyny) «
1,Np; >0

P 8k too| . u.|2ka 2ka—p
. (Wovunn) 2 2% (9(0,0) [*7 [sing| ™ /lul?*ePu)

We arrive at the result of this theorem and this because of equality (3).
Theorem 3

Assuming that the spectral density satisfies :

2ka
d(Ay, 1) = (sinnzz’12 sinnzT’lz) g(A1, 1,)where g is real function, integrable on [—, 7] and
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g(0,0) # 0. Then

2
T
cte <
2C, 4

Vs
> f f g(ll,lz)dlldlz < N, ll\l]m (nlnz)kaEla — alp <

, 2ka
sm [—nzwl'z]
Proof:Fromthedefinitionofiy(y, n,) and(2), we have

sin
[25]sin 25
) [ gul,zz)dhdAﬁch e 11] ]

2ka
g(A1,42)dA1d 2,

2ka
. [naw; . [niw;
. q sm[ 121,1] sm[ 121,2]
—2ka )
+(n1n2) z Ci . Wi . Wi,
Sin T Sin T

i=1

ny A4 sin niAy
2

sin

Vs Vs
YNy = (n1n2)_2kaf f
—mTvY—T

T T
Yovnsy < (namp) -2k f f 90 Ay)dAydAs
-n/-m

L wi) . 2wzl 2k
Sin > SlnT

sin[—wi’l] sin[—wi’z]
2 2

+(n1n ) 2ka Zl 1 Cl

The lemma 2:

2ka

Ny,N, >0

1
lim l/)(NlNz)(nlnz)Zka <f f g(Ay,22)dAd A +z C
= sm sm[ 12]

To minimize y_((N_1,N_2)) , using the proprities of sinus we obtain

+1
g(A1,3)dA1d A,

[ka]
nlll . Mad; 2
Yy N, = (Mng)” Zk“f f [ sm sin— ) ]

2ka

. Mmiw; . Mmiw;
sm[ 1,1] [ 1,2]
2 2

7] W

. 1,1 . 1,2

Sll’l[—' ] Sll’l[—' ]
2 2

+(n1n ) Zka ZL 1 Ci

where [ka] represents the integer part of ka, we obtain

2[kal+2

niA —n,A nAy + nyA
141 212 141 2 2] 9y, Ap)dAsd A,

T

2ka

N e 4 A e 4
sm[ 1,1] [ 1,2]
2 2

Wy Wy

. i1 . i,2

sm[—' ] sm[—‘ ]
2 2

+(n1n ) —2ka Zl 1 Cl

Using the binomial formula we have:

2[kal+2

A —nyi, nd + nzlz]

[COS 2 — COS 2

2[kal+2 ~r r r NiA—nyA, kel 42— Tads +1pp
hI 2ikal+2(—1) (cos Tcos( [ka]+2-r) 1A :
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Using again the binomial formula, we obtain:

T
cos”(a) = (e +e7i92)" = 12rz Cletieemitr=Da,

j=0
Hence
cos A —nyl, _ cos Ay + nyA,1PkeI2 _
I 2 2 ]

2[kal+2 M M
S Chapra (-1 (3 2o e i)
cos nyAd; —nyi, _ cos iy + nydy] 2[kal+2 _
| 2 2 ] .
. n
Zi[=k1a]+2 Czr[ka]_l_z(_l)re—l(r) 22 (12r C] i(2jr™s )
T nyA; —nyA A + n, A, 12kl

f f [COS% - COS%] g0 Adddl, =
e 2[ka]+2

_ 2/12
Z Colka+2 (=17 f i) zrz c’ f el @Mt g(/ll,/lz)dﬂl da,

The function g(., A;) being even for all 1, € [—m, ], we have

2[ka]+

Torr A —nyd A +nyd
f f [COS%_ COSM] g(h.b)dlldlz -
-1

2[ka]+2

1 (T nA
E —l(r) § J 171
CZ[ka]+2( " f or Crf COS((ZJT) 2 )9(11;/12)‘1/11 di,
j=o T

The functlon g(44,.) being even for all A, € [—m, ], we have
2[kal+2

Ay — nyA Ay +myA
f f [cosnl 1Mot COSM] 9y, Ax)dA,d Ay =

ka]+2
nyA
Z Cofkag+2 (D" f cos —ir— 2) zrz ij cos<(2]r) ! 1>g(/11,/12)d/11 da,

Since % o C/ f_ cos( )g(Al,)lz)d)lld)lz converges to f_n g4, 1,)d A dA,
uniformly in A, when r is even and converges to 0 when r is odd. Therefore

_ 2[kal+2
- [cos nlllznzlz — cos nlll:nzlz] g4, 1,)d A dA,

2[kal+2

Converges to %, _} Cz [ka]+2

22pf f 9 (A1, A2)dA1dA,.
2ka

= 0. The similar arguments are

niw A%
sin[— ] sin[~52]

W W,

. i1 . i,2

sm[—'] sm[—']
2 2

Since limy, y,-w(M1M2)~ “2ka Zl 1 €

used for showing that
lim (Y, NZ)) ()% > cte([™ g(Al,Az)d/lld/lz)

N1,Ny,—0

(6)
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Theorem 4
Assume that spectral density satisfies:
¢ (A112) = | 41P 1221 g(A1, 22)

where g is real positive function andg > 2ka — 1. Suppose that gis bounded on [—m, ]2
Then

cte xR< lim (nny)**PE|a@—alP <R
Nl,N2—>OO

pa
B
where & = (22 )(f [ < e “Z'zkag(al,azmmaz) .

[sin| " [sinZ]
Proof:

Define the continuous function [ as follows:

( n?keif|Al >
A
1) = 4 IAIZkalsinEFk ifo<|Al<m
| p2ka if A=o.

The function ¥y, v,y Can be written as:

Dvyng) =
) Ay 2ka
1\ |sin—==2 1
(nyny) 2ke f f sin2ka (—1) 2 sinzm( Z)h(/11,/12)d/11d/12
o sm— 27| sin%
, . 2ka
q sin [nlwl,l] sin [nlwl,Z]
(nlnz)—zmz Ci £ :
P sin [Wzi'l] sin [Wzi‘z]

where h(Ay, ;) = [(A)1(A2)| 145 |P~2*%g(A4,1,). The function h is integrable on [—m,]?.
Thus

Vs s s s
f f h(ﬂtlrﬂtz)dﬂtlzdﬂL < SUP(Q)I f 1(711)1(12)|/11/12|B_2kad/11d/12-
T Y -1 - Y—TT
Using the inequality (6), we obtain [(1;) < m2*% and [(4,) < m2*%. Thus
Vs Vs s s
f f h(Ay, A2)d A d A, < 4m**@sup(q) f j (M A)P=2ked ) dA,.
—ndn o Jo

Since B > 2ka — 1, the function h is integrable. From (3) and the theorem 1, the result is
obtained.
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3. NUMERICAL STUDIES

We give the simulation of the studied process:
Znymy = oy [ @' MMt 22 dE 2y, 1), (M

where 1 < a < 2 and ¢ is a complex symmetric a-stable measure on R with independent and
isotropic increments and with control measure m such that dm = ¢ (x4, x;,)dx;dx,.

For that, we use the series representations given by [30]). Therein the authors have shown that the
process Z defined by (8) can be expressed as follows:

Znim, = Ca([ P (x1, x2)dx1dx) * X3, & Ty ¥ e MV aictn2V2i) g0k (8)
where

* & is a sequence of i.i.d. random variables such as P[e, = 0] = P[g, = 1] = 2,

2
* [, is a sequence of arrival times of Poisson process,
* (Vi V21) is a couple of sequence of i.i.d. random variables independent of &, and of I}
having the same joint distribution of control measure m, which has probability density ¢
* 0 is a sequence of i.i.d. random variables that have the uniform distribution on [—m, ],
independent of &, V. , V5 and T.

For the similation ofN; and N, values of the process Z,, ,, where

(N1,N, =101,501,1001,1501,2001), we generate:

* 2000 values of g
* 2000 values of T},
* 2000 values of 1},
* 2000 values of 9,

and calculate forall 0 <n; < N;and0 <n, <N,
Znymy = Ca([ d(x1,x2)doxdxy) ™ Y327 £ Ty "4 e (MaVaictnzVzio otfi

The spectral density is taken as ¢(xy,x;) = |x;x,|Pe~¥1l=1%2l for x;,x, € [-m, 7] and
¢(xq,x,) = 0 otherwise and a = 1,68 and k = 4. The value of £ is taken so as to have two
cases: 8 greater than 2ka — 1 and B less than 2ka — 1. Afterwards, we generate :

Xnyn, = @+ Zn, n, Where a is chosen equal to 45.

A

We calculate the estimator a@ given in (1) for different sizes of sample N, N, =
101,501,1001,1501,2001. The result is given in the following table:



12 Computer Science & Information Technology (CS & IT)

2ka —1=12.44 B=0.5 B =30
N1= N2=101 a =304 a =37
N1= N2=501 a =347 a =48
N1= N2=1001 a=50.2 a=422
N1= N2=1501 a=39.9 a=47.1
N1= N2=1201 a =438 a =442

We find that the estimator converges more and more to a (a=45) when the size of the sample
increases. The approximation is more accurate when g is larger than 2ka — 1compared to the
case where g is smaller than 2ka — 1.

4. CONCLUSIONS

This work presents an estimate of the constant error, which is added to the observation of the
signal (SaS) when the spectral measurement is the sum of a continuous part and a few jumps
(mixed measurement). The paper shows that the absence of the energy of signal at frequencies
close to zero allows rapid convergence of the estimator. In other words, the energy at frequencies
close to zero slows down and disturbs the convergence of our estimator.

This work may have several applications where processes have high variability and are disturbed
by constant noise. For instance:

- Dynamic images of an agricultural field taken by drones, to identify weeds. These images can
have a great variance, in particular when the images are disturbed by climatic conditions.

- The amount of certain microorganisms in the soil varies in a significant way that can be
modelled by alpha stable random field. The measurement of microorganisms can be taken with a
constant error and with some jumps when encountering rocks in the ground.

The proposed estimator depends on a smoothing parameter. Among the perspectives of this work
is to find the optimal value of this parameter having the best convergence.
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